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This article presents a generalization of the concurrency ahiddétudes of a cyclic
quadrilateral, as well as a generalization of tBaler line to cyclic ngons. The role of computer
exploration and proof in this discovery is also briefly discussed.

The maltitudes of a cyclic quadrilateral

Sometimeagothe authorcameacrossa particulargeometricdiagramin a Polish high school
mathematicgournal,which apparentlyhadto do with provingthattheintersection®f the semi-
circleson adjacentsidesof a cyclic quadrilateralwith eachother, lay on the diagonalsof the
cyclic quadrilateralThiswasnotdifficult to prove(andin factis truefor any quadrilateral) but
furtheranalysisof the diagramled to the rediscoveryof the following interesting,but not so

well-knowntheoremandotherrelatedresults.

A

Figure 1

1 As from/January 2004/ the University of Durbafestville and the University of Natal have merged into a new
institution, the University oKwaZulu-Natal.
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Theorem 1
The perpendicularsfrom the midpoints of the sides of a cyclic quadrilateral to their
correspondin@ppositesidesareconcurrent.

Althoughthisresultis listedin [1], no proofis given. A proofis thereforeprovidedbelow.

Proof

ConsiderFigure 1 where ABCD is the given cyclic quadrilateralwith P, Q, R and S the
midpointsof thesidesasshown.Constructircleswith centeratthesenidpointsandthe sides
asdiametersasshown.Labeltheintersectiorof circlesP andQ asE, theintersectionof circles
P andS asF, theintersectiorof circlesR andS asG andthe intersectionof circlesQ andR as
H.

ConnectE with A and C. Since JAEB=90° in semi-circleP and JBEC=90" in
semi-circleQ, it follows that DAEC=18C. Thus AEC is a straightline and E lies on the
diagonalAC. Similarly, it follows thatG lieson AC, andF andH lie onthediagonalBC.

SinceABCD is cyclic, we have JABD = JACD on chord AD. But JFEG =JABD
(exterior angleof cyclic quadrilateralABFE) and OFHG = [JACD (exterior angle of cyclic
quadrilateraDCGH). ThereforeJFEG = UFHG whichimpliesthatEFGH s cyclic.

From the precedingparagrph, we alsohave OFEG = alternate[JACD which implies
EF // DC. Similarly, GH // BA. SinceBCHE is cyclic, HEHB= UECB on chord EB. But
sinceEFGH is cyclic OEHB=TOEGF on chord EF. Therefore, IECB= correspondin
OEGF whichimpliesFG // BC. In asimilar fashioncanbe shownthatEH // AD.

The perpendiculamisectorof chord EF passeghroughmidpoint P (centerof circle)
accordingto an elementarytheorem,andis perpendiculato CD (sinceEF // CD). It therefore
follows thattheperpendiculafrom the midpoint P to the oppositeside CD, coincideswith the
perpendiculabisedor of EF (the perpendiculafrom P to CD is unique).Similar conclusions
follow for the perpendiculabisectorsof the otherthreesidesof EFGH. But sinceEFGH is
cyclic, its perpendiculabisectorsareconcurrentandthereforealsothe perpendiculargrom the
midpointsof thesidesof ABCD to its correspondin@ppositesides

Sincethe perpendiculafrom the midpoint of a side of a cyclic quadrilateralto its
oppositesideis analogouso theconceptof analtitudefor atriangle, it is calleda"maltitudée’. If
we furtherconsidethespecialcasevherethecyclic quadrilateraldegeneratesto a triangle by
letting two verticescoincide,it is interestingto notethatthe perpendiculargrom the midpoints
of two adjacensidesontoeachother,areconcurentwith theperpendiculafrom theircommon
vertexto thethird side.

A generalizationof the maltitudes
Theorem 1, involving the concurrencyof the maltitudesof a cyclic quadrilateral,can be
generalizedasfollows.

Theorem?2



Published irint. J. Math. EdSci. Technal, 1999, 30(4), 541-548. Copyright reserved.

For any cyclic quadrilaeral ABCD, draw circle AEFB with centerP and label its intersection
with AC andBD respectivelyasE andF. Nextdraw circle BEC with centerQ and label its
intersectionwith BD asH, circle CHD with centerR andlabelits intersectionwith AC asG,
andcircle DGA with centerS.

ThenEFGH is cyclic, F lies on thecircle DGA with centerS and the perpendiculars
from P, Q, R andS respectivelyto theoppositesidesof ABCD areconcurrent.

Figure 2

Proof
ConsiderFigure2 whereABCD is cyclic andthecirclesP, Q, R andS havebeenconstructed

asdescribe@dbove.To provethatF lies on circle DGA with centerS, it is sufficientto prove

thatAFGD s cyclic.

Itis leftto thereadeto checkthatexactlyasbeforein Proof 1, it follows thatEFGH is
cyclic,andthatEF// DCandGH // BA Also JECB= correspondingl]EGF (which implies
thatFG // BC). But [JADF = JECB on chord AB; therefore JADF = OEGF =AGF on
segmenhF, whichimpliesthatAFGD is cyclic. In thesameway asbefore,it now follows that
EH /L AD andthattheperpendicularérom P, Q, R andS to thecorrespondin@ppositesidesof
ABCD areconcurrent.

Generalizing the Euler line to cyclic quadrilaterals
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Giventhatthe orthocentergcircumcenterand centroid of a triangle are collinear on the Euler
line, it seemedeasonabléo conjecturehatfor acyclic quadrilaterathepointof concurrencyof
the maltitudes(its "orthocentet), its circumcenterand its centroid would also be collinear.
Subsequennvestigationwith the dynamicgeometryprogrammeSketchpadshowedthat this
wasindeedhecase.This"apriori" convictionthenprovidedthemotivationto startlooking for
a proof, which is presentedfurther on. Contraryto the way in which proof is normally
presentedluring teachingas a prerequisitefor conviction, this episodedemonstratedhatin
mathematicatesearchgonvictionis oftena prerequisitgor proof.
DougHofstadterin [2] hassimilarly emphasizedsfollows that conviction can
bereachedy othermeanghanproof:
"By the way, note that | just referred to my screen-based observation as a "fact" and a
"theorem". Now anyedblooded mathematician would scream bloody murder at me for
referring to a "fact” or "theorem” that | had not proved. But that is not my attitude at all, and
never has been. To me, this result was so clearly true that | didn't have the slightest doubt about
it. | didn't need proof. If this soundsrogant, let me explain. The beauty&ometer's
Sketchpad is that it allows you to discover instantly whether a conjecture is right or wrong - if
it's wrong, it will be immediately obvious when you play around with a construction
dynamically on the screen. If it's right, things will stay "in synch" right on the button no matter
how you play with the figure. The degree of certainty and confidence that this gives is
downright amazing. It's not a proof, of course, but in some sense, | would argue, this kind of
direct contact with the phenomenon is even more convincing than a proof, because you really
see it all happening right before your eylsne of this means that | did not want a proof. In
the end, proofs are critical ingredients of mathematical knowledge, and | like them as much as
anyone else does. | am just not one who believes that certainty camodyniom proofs:.

Why doesonestill feelaneedo provearesultlike thatabovef oneis alreadyconvincedof its
truthfrom investigationon computer?t seemghatit is preciselybecaus®neis convincedof
its truththatone feelschallengedo find a deductiveproof, not becaus®ne doubtstheresult.
Why?Well, herewasaresultthatwasclearly true from experimentakxplorationon computer,
buttheintriguing questiorof whyit was true remainedunansweredlf anexplorationlike that
abovehadnot shownthesepointsto be collinear,onewould certainly not havewastedone's
time trying to find a proof (eg. onewould havehadcounter-examples)n suchcass, it would
seemthatthe searchfor, andeventualconstructionof a deductiveproof (explanation)should
beviewedasanintellectualchallengegdefinitely not as an epistemologicakxercisein trying to
establishts "truth’.

As theconcepiof the centroidof a quadrilateralis perhapsot thatwell-known, it will
now first bediscussedn relationto thefollowing theorem.

Theorem3
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GivenanyquadrilateraABCD, thentherespectivecentroidsP, Q, R andS of trianglesABD,
ABC, BCD andCDA form a quadilateral RSPQ similar to the original, with lines AR BS
CP and DQ concurrent(This point of concurrency(center of similarity) is definedas the
centroidof thequadrilateral).

Figure 3

Proof

ConsiderFigure3 with P, Q, R andS thegivencentroidsaandK, L, M andN the midpointsof
thesidesof ABCD asshown.ThenKP = 1/3 KB andKS = 1/3 KC. ThereforeSP // BC and

SP=1/3 BC. Similarly, it follows thatPQ//= 1/3 CD, QR //= 1/3 DA and RS//= 1/3 AB.
Sincecorrespondingidesareparallel,it follows thatanglesR, S, P and Q arerespectively
equalto anglesA, B, C andD. Therefore, RSPQis similar to ABCD (correspondingangles
equal,andcorrespondingidesin sameratio). Sincetwo similar polygonsarecalled homothetic
if thecorrespondingidesare parallel,we canfurthersaythatRSPQis homotheticto ABCD.
Thenfrom atheoremthatthelinesjoining correspondingerticesof two homotheticpolygons
areconcurren{eg.se€[3] or [4]), it follows thatlinesAR BS CP andDQ areconcurrent(at
thecentroidG).

Corollary

Anotherinterestingresultrelatedto Figure 3 thatwe will usein Theorem4 below, is thatthe
linesLN andKM (thediagonal®f theVarignonparallelogramrKLMN) areconcurrentwith the
centroidG. This canbeprovedasfollows.

In AMAD, QR// DA andsinceK bisectsDA, KM bisectsQR in K'. Similarly, LN
bisectsRSin L'. Now sincethesamesimilarity which mapsABCD to RSPQrespectivelymap
L toL"andK to K, thelinesLL' andKK" areconcurrentat the samecenterG. ThereforeG
coincideswith theintersectiorof LN andKM, theVarignoncenterof parallelograni. KMN.



Published irint. J. Math. EdSci. Technal, 1999, 30(4), 541-548. Copyright reserved.

Theorem4
Theorthocenter(H), circumcente(O) andcentroid(G) of a cyclic quadrilateralare collinear,
andthecentroidbisectshesegmenOH.

Figure 4

Proof
Considetthecyclic quadrilaterahBCD givenin Figure4, with O asthe circumcenterG asthe
centroidandH astheorthocenterK, L, M andN aretherespectivemidpointsof thesides.

ConsidemuadrilateraLHNO. SincebothLH andON areboth perpendiculato CD by
constructionjt follows thatLH // ON. Similarly, OL // NH which implies that LHNO is a
parallelogramSinceG coincideswith the midpoint of LN aswe sawin the previousresult, it
follows thatG mustlie on diagonalOH of parallelogranLHNO; i.e. O, G andH arecollinear.
(Also notethatGH = OG, whereador atriangleGH = 2 OG).

It shouldbe notedthatthe prior explorationon Sketchpadcghowedthat OG = GH,
which suggestedhatLHNO was a pamllelogramand easilyled to the eventualproof given
above. This'examplethereforeshows that experimentationcan also be useful in providing
valuablecluesfor theproductionof deductiveproofs.
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Generalizingthe Euler line to cyclic pentagons

Sinceany cyclic polygonhasa circumcenterand centroid,it seemedaturalto further suspect
thatTheoremsl and4 could be generalizedo cyclic polygons. Subsequeninvestigationof a
cyclic pentagorwith Sketchpagbrovidedexperimentatonfirmation andthe motvation to look
for aproof.

Theorem5
Theorthocenter(H), circumcente(O) andcentroidof a cyclic pentagorarecollinear,andthe
centroiddividesthesegmenOH in theratio2:3.

Proof

Constructthe respectivecentroidsA', B', C', D' and E' for eah of the five quadrilaterals
(BCDE, CDEA DEAB, EABC, andABCD) into which the pentagomPABCDE canbe divided
(seeFigure 5). In the sameway as in Theorem4, it now follows that A'B'C'D'E' is

homothetido ABCDEwith ascalefactorof 7 with centerof similarity at G. As before,G is

definedasthecentroidof thewholepentagon.

Constructthe respectiveorthocentersA”, B", C", D" and E" for the samefive
quadrilateralgnto which the pentagorcanbe divided. From Theorem4, we havefor eachof
these cyclic quadrilateralsthat its respectivecentroid bisectsthe segmentconnecting its
orthocenterwith the commoncircumcenterO. Therefore, A"B"C"D"E" is homotheticto
A'B'C'D'E"with a scalefador of 2, with centerof similarity at O. The circumcenterO" of
A"B"C"D"E" is now definedastheorthocentenf thewholepentagon.

Under the first similarity with G as center, O mapsto O' (the circumcenterof
A'B'C'D'E); thereforeOGO' is a straght line. However,underthe secondsimilarity with O
ascenter 0" mapsto O"; thereforeOO'O" is a straightline, andareO, G andO" collinear.
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From the first similarity, we have GO = 4GO?; thereforeOO' = %GO. From the second
similarity, we haveOQO" =2 O0' = Z(ZGO) = gGO. ThereforeGO" = gGO which is what

wasrequiredo prove.

In generaljt is possiblein the sameway to provethatthe centroidof any cyclic n-gon
is collinear with its circumcenterand orthocenter,and divides the segmentjoining the
circumcenter to the orthocenter in the ratio 2 : (n - 2). (Please see correction below) .

Although Theorem2 is probably not original, it does not seemto appearin the
mainstreammathematicaliterature.Theoremgl and5 appearas problemsin [5], butthe proof
of Theorem4 in this articleis distinctly different. To myself as author, however, they were
original discoveries, which demonstratedthe dynamic interplay between conjecture,
experimentatiorand proof. In themselvestheresultsarealso interestingenoughto be better
known.

Note: ZippedSketchpadketchesllustrating someof the resultsdiscussedn this article can
bedownloadedrom http://mzone.mweb.co.za/residents/profmd/maltitudes.zip

References

[1] Wells, D., 1991, The Penguin Dictionary of Curious and Interesting Geometry,
(London:PenguinBooks).

[2] HofstadterD., 1997,In King, J. & SchattschneideDR. Geometryturned on: Dynamic
softwarein learning,teaching,andresearch(WashingtonDC: MAA), p. 10.

[3] CoxeterH.S.M., 1961, Introductionto Geometry (New York: Wiley).

[4] DeVilliers, M., 1996, Pythagoras 41, 33-34.

[5] Yaglom,l.M., 1968, GeometricTransformationdl, (WashingtonDC: MAA), pp.24
108-109.

Correction: with the advantage of hindsight, what I've defined here as the 'orthocenters'of
a cyclic quadrilateral and cyclic pentagon respectively, more appropriately correspond to
the ninepoint/Euler center E of a triangle, with the orthocenters H then simply defined as
being collinear with O, G and E so that HE = EO.
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