Published irMath GazetteNov 2002, 86(507), pp. 390-395. Copyright Mathematical Association.

From nested Miquel triangles to Miquel distances

MICHAEL DE VILLIERS

This article presentsinteresting generalizationsof three well-known
resultsrelatedto pedaltrianglesand distancesand the Simson-Wallace

line.

Nested Miquel triangles

The triangle whose vertices are the feet of the perpendicularsdrom a
point P inside a triangleABC to eachof its sidesAB, BC andAC(, is called
a pedal triangle. The pedal triangle has many interesting properties,

but thefollowing oneis particularlyinteresting(see[1]).

Neuberg'stheorem If a sequenceof nestedpedal triangles from the
samepoint P is constructed then the third pedaltriangle is similar to

the originaltriangle ABC.

Figurel



Neuberg'stheorem can, however, be generalizedby starting with a
point P and constructinglines to the sidesof a triangle ABC so that
theselines all form equalangleswith the sidesasshownin Figure 1 (i.e.
OPAB=0PBC = OPCA). Following [2], we shall call the triangle ABC,
formed by these lines, a Miquel triangle. From the same point P,
constructa secondMiquel trianglein thefirst Miquel triangle,andthen
another Miquel triangle in the second one. Then the third Miquel
triangleis similar to the original triangle ABC.

What makesthis generalizabn even more surprisingis that the
subsequentMiquel triangles can be constructed entirely arbitrarily.
Indeed,whenl first constructedheselines on Sketchpado makeequal
angleswith the sides,| assumedthat the next set of lines neededto
form the sameangleswith the sidesasfor the first Miquel triangle (or
that the next set of angles needed to be supplementarywith the
precedingones).However,on constructinga proof and reflecting upon
it, | realized that this condition was not necessaryat al, and that
arbitrary Miquel triangles would do. This is therefore another good
exampleof proof asa meansof discoveryas discussedand illustrated

in [3] & [4].

Proof

A proof immediately becomesapparentwhen one draws the segment
PA. From the construcion of the lines to the sides, we have that
quadrilaterals ACPB,, APC,B and B,PAC, are all cyclic. Therefore,
OPAC =U0OPBC, =UPCA, =0PAB,. Similarly, we can show that
UPAB = OPAC,. Thus, OBAC, =UBAC. In the sameway, the equality of

correspondinganglesat B and B, or C and C, canbe establishedQ.E.D.

Reflection
Sincethe Miquel trianglescan be constructedarbitrarily at eachstage,|
realizedthat this implied that they are all similar at eachstage;indeed

they all hadto be similar to the respectivepedaltrianglesat eachstage.
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Soan alternativeproof would simply be to establishthe similarity of all

the Miquel trianglesat a particula stage.This is now given below.

Figure2

AlternativeProof

Consider Figure 2 containing a pedal triangle XYZ and an arbitrary
Miquel triangle ABC, falling on the sidesof ABC (or the sidesextended
if necessary)Since right triangles PXA, PYB and PZC are all similar
by construction, it follows that [XPA = [0YPB =0UZPC. Therefore, a

spiral similarity with P ascentre- i.e. a rotationof pedaltriangle XYZ

PA

aroundP through UXPA, and an enlargementf it with the ratio R -

mapsthe pedal triangle XYZ onto the arbitrary Miquel triangle ABC,.
Similarly, all Miquel trianglesat each nestingstageare directly similar
to the unique pedal triangle of that stage,but since the third nested
pedal triangle is similar to triangle ABC according to Neuberg's
theorem, any third nested Miquel triangle would also be similar to

triangle ABC. Q.E.D.

Stewartfound the following interestinggeneralizationthe nth pedaln-

gon of any n-gonis similar to the original n-gon (see[5]). In exactlythe



sameway as above,it is easyto prove that a spiral similarity would
map the pedal n-gon at any stag onto an infinite number of similar
Miquel polygons. Thus, Stewart'stheoremimmediately generalizesto

Miquel n-gons.

Sum of Miquel distances
A reasonablywell-known result is that the sum of the distancesfrom
any pointP insidean equilateraltriangle to eachof its sidesis constant.
This result also generalizesto P outside the equilateral triangle,
providedone usesdirecteddistanceslit alsofurther generalizego equi-
sidedpolygons,aswell asto equi-angulampolygons.

If we let the lines from arny point P all form fixed angles@ with
the sidesand call the distancefrom P to a Miquel vertex, the Miquel
distance,then the sum of the Miquel distancesto the sides of equi-

sided(or equi-angular)polygons,is alsoconstant.

Proof

This is immediately apparentfrom Figure 2. Since PX+PY +PZ+ ... is
constant for any position of P for equi-sided (or equi-angular)
polygons,it follows that PAsin@ +PB sin@ + PCsin@ +... is constant,and

thereforealso PA +PB + PC +.... Q.E.D.

The Miquel line

If point P lies on the circumcircle of triangle ABC and perpendiculars
from it are dropped onto the sides of ABC, then the pedal triangle
degeneratemto a straightine, the so-calledSimsonline.

In general,if point P lies on the circumcircle of triangle ABC and
lines from it are drawn to the sides of ABC (suitably extended if
necessary)to form fixed angles 8 with the sides, then the Miquel
triangle degenerategto a straightline, which we shall call the Miquel

line.

Proof
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This generalizationof the Simson (or Wallace) line is apparently not
well known, though it is explicitly statedand provedin [2, p. 137]. To
establishthe generalresult, it is also possibleto simply generalizethe
proof for the Simsonline given in [1, p. 40]. A slightly different proof

to eitherof thesetwo will now be given below.

Figure3

ConsiderFigure 3 with a Simsonline XYZ anda Miquel triangle ABC, .
Exactly asin Figure 2, a spiralsimilarity with P ascentre- i.e. a rotation

of the Simsonline XYZ aroundP through [0XPA, andan enlargemenof

P
it with the ratio P_?( - mapsthe Simsonline onto the Miquel triangle

ABC, . Therefore,ABC, is alsoa straightine. Q.E.D.

The Simson (Wallace) line has many interesting properties that



generalizedirectly to the Miquel line. However,for the purposeof this
article, we will only considera few propertiesof Miquel lines that either

follow directly from the spiral similarity or canbe provedby the reader

by generalizingcorrespondindgsimsonproofsin [1, pp. 43-45].
d

Figure4

ConsiderFigure 4, which showsa Miquelline ABC, in relationto point
P. Thefollowing resultsthenhold:

(1) If line PA is extendedto meetthe circumcircle at U, then the
line AU is parallelto the Miquel line ABC,.

(2) If from another point P' on the circumcircle, lines paallel to

those from P, are drawn to the sides of ABC to form another
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Miquel line A’ B,C,, then the angle betweenthesetwo Miquel
lines (LOCYC,) is half the angularmeasureof the arcPP..

(3) The Miquel lines of diametrially opposedpointsP and P, on the
circumcircle are perpendicularto each other - provided lines
from P, to the sidesof ABC are drawn parallelto thosefrom P to
the sidesof ABC. (This resultfollows directly from (2) above).

(4) Lastly, as shownin Figure 5, from the spiral similarity between
the Miquel line and the Simsonline, it follows that the Miquel
line would also envelope a beautiful deltoid (or Steiner's

hypocycloid)asP movesaroundthe circumcircle[6].

Note
Dynamic Geometry(Sketchpa®) sketchesn zippedformat (Winzip) of

mostof theresultsdiscussecerecanbe downloadedrom:

http://mzone.mweb.co.za/residents/profmd/miquel.zip

(Note: thesesketcheamnay not work properlyin Sketchpad asthereis
someincompatibility betweenthe two versions.If notin possessiof a
copy of Sketchpad3, thesesketchescan be viewed with a free 1 MB

demoversionof Sketchpad thatcanbe downloadedrom:


http://mzone.mweb.co.za/residents/profmd/miquel.zip

http://mzone.mweb.co.za/residents/profmd/gsketchy.zip
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