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Solutions to Reader Investigations: Feb 2003
Michael deVilliers

Unfortunatelyno responsesverereceivedto the Readerlinvestigationsan the previous
issue,butit is hopedthatatleastafew readerr theirlearnersvorked on someof the
problemsbelow.

\

1. Tangentso acircle C aredrawnfrom two arbitrary pointsA andB outsidethe
circle.Find andprovetherelationshipbetweerthe "center"angleACB, andthe
two anglesAEBandBDA.

. : . UAEB+ [IBDA .

Solution The relationshipis that OACB= > . To prowe this is not

difficult, butrequiresabit of anglecalculation.Thereareseveralways of doingit, and
thefollowing might notbetheshortespossibleproof. It is perhaponeof thoseresults
weretheresultis moreinterestingthantheproofis instctive.

: UODAE
In triangle AGE, 180 -

-OAEE and therefore

UBGC =180 - UDAE

—OAEE. Thusin triangleBGC:

UACB=180C —SLSO’ - %AE - UAEB+ DDBEE

_ DDAE+ OAEB- UDBE

(D)

But from theexteriorangleof atriangletheoremwe have:
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UDFE = UDAE+ UAEB= UDBE + [UBDA

[IDAE [DBE _ [IBDA [AEB
2 2 2 2

=4

Substitutionof thelatteridentity into (1) givesthedesiredelationship.

Theresultandits proof easilygeneralizeto the configurationshown abovewherethe
angles are divided as shown. Here the following relationship holds:
OAEB+ (p-1)0BDA

5 :

UACB=

Perhapsmoreinterestingly the resultcan also be generalizedto an ellipse as shown
above where JAEB+[BDA=U0OBCA+OBCA. However, to prove this result
requiressomeknowledgeof the propertiesof ellipses,but the interestedreadermay
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wish to look up a proof of this resultwhich appearedn anissueof the Mathematical
Gazetteof afew yearsago.A zippedSketchpadgketchcanalsobedownloadedrom:
http://mzone.mweb.co.za/residents/profmd/ellipsetangent.zip

A A

C C

2. Circumscribea cyclic quadrilateralABCD arounda circle. Whatdo you notice

B

aboutthelinesEG andFH joining the oppositetangentialpoints?Prove your
observation.

Solution Thelines EG and FH are perpendiculatto eachother. Draw segmentsas
shownin thesecondsketchabove. NotethatquadrilateralsAEJH, BFJE, CGJF and
DHJGareall cyclic. SinceABCD is cyclic, anglesBAD andBCD aresupplementary,
but so areanglesBAD and EJH. Therefore, JEJH = [IBCD. In isoscelestriangle

. l OA .
EJH, it follows that OJEH = OJHE =90° - 7C = - using the useful (but rather

sloppy)shorthandf OC andJA respectivelyfor IBCD and[IBAD.
In the same way in isoscelestriangles EJH and FJH, it follows that

+ +
OJEG=90° - % and OJHF = 90° —w. Therefore,in triangle EPH,

we have:
OEPH = 180° - (DJEH + OJHE + OJEG+ OJHF)
- 180 - 22+ 2B g - LDEUA g JAUBL
Uo 2 2 2 L
0D  [OB
=t
2 2

= 90° ...(0B+0D=180)
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The conversds alsotrue, namely,givena quadrilateralcircumscribedarounda circle
with the lines connectingthe oppositetangentialpoints perpendicularthenit is also
cyclic. Theproof, however,is left asanexerciseo thereader.

3. (a) Keepingafixed andvaryingd, investigateand makea conjectureregarding
the graphsof the correspondingamily of quadraticfunctions of the form

y=axX +(a+d)x+(a+2d). (For example, consider the family
y= X +2x+3,y=x*+3x+5y=x"+4x+7, etc.)

(b) Keepingb fixed andvaryingd, investigateand makea conjectureregarding
the graphsof the correspondingamily of quadraticfunctions of the form
y=(b-d)x* +bx+ (b +d).

(c) Keepingc fixed andvaryingd, invegigate and makea conjectureregarding
the graphsof the correspondingamily of quadraticfunctions of the form
y=(c-2d)x’ +(c-d)x+c.

Proveyour conjecturesn (a), (b) and(c) above.

Solution (a) Thisis aniceinvestigationfor usingthe graphingfacility of Sketchpado
discovetthatwith afixed anda variabled, this family of parabolasll intersectat (-2;
3a). Thiscanbevery easilyprovedthroughsubstitution for example:
y=a(-2)* +(a+d)(-2)+(a+2d)

=4a-2a-2d+a+2d

=3a
A moreinstructiveapproachs asfollows. Rewritethe family of parabolain the form
y=a(x’* + x+ 1) +d(x + 2). Theinfluenceof theparameted maybe neutralizedf it is
multiplied by O, thatis, if x = -2. In otherwords, this showswhy all parabola®f this
family mapx = -2 into arealnumbeiindependenof d.

(b) In the sameway canbe discoveredand provedthat this family of parabolasall
intersectatthepoints(1; 3b) and(-1; b).

(c) In the sameway can be discoveredand provedthat this family of parabolasall

. . 1
intersectatthepoints(0; ¢) and(- 5 ; %c).

A setof worksheetgsthat could be usedfor a classroominvestigationof thesethree
familiescanbedownloadedlirectly from:

http://mzone.mweb.co.za/residents/profmd/work.pdf
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4, Two similar cyclic quadrilateralsABCD and A'BC'D touch eachother at the
commonvertexB. Whatdo you notice aboutthe lines AA', CC' and DD'?
Proveyour observation.

Solution Almost without drawingone canvisualizethatthelines AA', CC' and DD'
areconcurrengt theotherintersectionof thetwo circles.ConnectD, C, A, B, C' and
D' to E. ThenOBED' = OBC'D’' on chord BD' and OBED = OBAD on chord BD.
But JBAD=180C -BCD=18C-0BC'D'. Thus angles BED' and BED are
supplementanandthereforeDED' is a straightline. Similarly, OBEA' =[BD'A on
chord BA' But OBD'A=[BDA and therefore in cyclic quadrilateral AEBD,
OAEB=18C - [IBEA'; thusAEA'is a straightline. SinceAEA'is a straightline and
OAEC=[LABC=0OABC=[OAEC, it follows thatCEC'is alsostraight.

5. A rectangulaprism(box) hasintegersidesanda surfaceareaof A. Show that
A hasto beaneveninteger,andthenfind all theevenvalueshatA cannotbe.

Solution Letx, y andz bethedimension®f thebox. Thenthesurfaceareas
A= 2xy+ 2yz+ 2xz= 2(xy+ yz+ x2), from whichit follows thatit mustbe even.The
evennumbersthat A cannotbe are called O'Halloran numbersin memory of Peter
O'Halloran,anAustralianmathematiciannvolvedwith MathematicalCompetitionsand
Challengesilt turnsthatthereare16 known O'Hallorannumberg(left to the readerto
confirmthatA cannobethesenumber.

8,12, 20, 36, 44, 60, 84, 116, 140, 156, 204, 260, 380, 420, 660, 924.
However it hasnotyetbeenestablishedvhetherthereareanymore.
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