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Transformations: A golden thread in
school mathematics

Michael de Villiers, Faculty of Education, University of Durban-Westville

A revised version of a talk given at the 13th National Con-
veniion for Mathematics & Svicnce Fdugation, 3—7 July
1989, Pretoria,

Introduction

The latest syllabus proposals for implementation in 1992

describe, among other things, the following new content:

* tesscllations in Std 5

* scale drawings and similar figures in Std 6

* 1sometric and similar transformations of plane figures as
an pplional topic in Std 7.

The purpose of this article is to place the above topics in a

broadc'r perspective and to illustrate the concepts of rrans-

formation geometry us a possible golden thread, not only

Ih'roughout geometry, but also in rclation to aigebra and

trigonometry,

Tessellations

Tessellations are a most welcome addition to primary-
school mathematics, and can mainly be justified from the
following viewpoints: -

I Tessellations provide an intuitive visual foundation for a
variety of geometric content which is later treated for-
mally in 2 logico-deductive context

2 Tessellations have a great aesthetic attraction due to the
intriguing and artistically pleasing patterns that can be
created with them (e g Bscher's work)

3 Tessellations comprise an interesting mathematical topic
In its own right which can provide an cxcellent opportu-
nity for sclf-exploration and — analysis (Olivier, 1990),

The first viewpoint is strongly supported by the Van Hieie

theary (Van Hiele, 1973) which sees the intuitive visual

exploration of space as a prerequisite for the learning of
geomelric terminology, the development of deductive think-
ing and the understanding of the nature of definitions and

fermal axiomatics. For inslance, tessellations provide a

meaningful context for the informal acquaintance of several

important geometric results and concepts.

For example, formal properties of parallel lines such as
equal comvesponding and alternate angles can be informally
introduced in tesselations as "ladders’ and 'saws' (Fig 1)
Similarly Fig 2 informally illustrates the exterior angle
theorem, as well that the sum of the angles of a triangle is
1807 and the theorem that DE = RO/ and DE/RC if 1Y and
E are the midpoints of gsides AR and AC of AABC.
Furthermore. besides the tmplicitly embedded concept of
congruency, tessellations can alse previde an introduction
to the concept of simifarity and similar figures as shown jn
Fig 3, Pupils may also deduce several properties of plane
figures from tesscllations, for example, the eguality of
opposite sides and angles of 2 paralielogram as shown in
Fig 3. ‘

A further advantage of tessellations is that they can help

develop pupils' visualization ability, i & that they ars able to

recognize geometric configurations (eg equal comresponding
angles) In a varicty of orientations (not just 'conventional’
oues) — an ability presently sadly lacking in many senior
pupils. It is therefore important that tessellations are not
seen only as an artform, but as an essential prerequisite for
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the enrichment of pupils' geometric expericntial background
in preparation for formal geometry, However, it is probahiy
true that those with a greater inclination towards art than
towards mathematics might find tessellations appealing
mainly from an artistic point of view (see for example the
worksheets 'Hunstige Tessellasies' in Pythagoras No 23,
April 1951, pp 47-48),

On the other hand, tessellations can provide an excellent
opportunity for independent mathematical exploration, In
fact, it would he sad if this part of the new syllabus would
he treated in the traditional 'talk-and-chalk' approach, in
ather words, direct one-way 1eaching from the teacher to the
pupils withouot actively and constructively involving them.
Basically two fundamental types of guestions can be inves-
tigated in relation to tessellatons: (1) "Which types of tifes
will cover the plane with replicas of themselves withoul
aoverlapping or leaving gaps? (2) "What movemenls or
motions (transformations) could or must be applied to the
basic tila(s) to create particular tessallation patterns?

For example, children may be asked to investigate
which regular polygons tessellate, thus finding that only
three possibilities exist, namely agquilatercal triangles,
squares and regular hexagons, Similarly they could be
asked to investigate which non-regular polygons tessellate,
finding the perhaps surprising result that all triangles and
quadrilaterals tessellate, but oply some polygons with {ive
sides or more. For example, regular pentagons do not tesscle
late, but any pentagon with one pair of parallel sides will,
Regular hexagons tessellate, but many other hexagons don't,
Convex polygons with seven or more sidas cannot tessel-
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late. This investigation cowld also he extended to the semi-
regular tessellations (i e in which combinations of regular
polygons are tessellated), two cxamples of which are shown
in Fig 4,

Regarding the second question above, children could be
asked to identify which combination(s) of reflections, rota-
tions and translations would produce a particular tessclla.
tion pattern. For example, the triangular tessellation patterns
given in Figs 1-3, can be produced by starting with the
basic triangular tile, and giving it a half-turn around the
midpoints of each side, and repeating the process with the
newly formed tiles. Or aliernarively, we can consider it as a
tiangular tile which has becn given a ha!f-turn around the
midpoints of its sides to form a parallelogram, which is then
translated in directions parallel to its sides to cover the
plane. The first figure in Fig 5 gives a triangular tessellation
pattern which could be produced by half-turns of the trian-
guiar tile around the midpoints of the sides as indicated to
form the first row, and the consequent reflactions theraof in
a vertical dircetion as shown. The second tessellation pat-
tern in Fig § with kites, could he produced by half-turns
around the midpoints of the longer sides in a horizontal
direction as shown, and the consequent translations theraof
in a vertical direction, Qr alternatively (and more economi-
cally), the kite tessellation pattern could be produced by
onty using half-turns around the midpoints of all the sides.

In fact, tesscllatons still provide an active research area
for mathematicians, as testified by the comprehensive study
by Griinbaum and Shepherd as recéntly as 1986 entitled
Tilings and Patterns, in which they not only provide a sys-
tematically formalized summary of proven results, but also
indicatc several as yet unanswered questions.

Transformations

Tt sesrns that the main aims of the inclusion of transforma-

tions in the jurior-secondary phase are:

(1) to use transformations in informal geomewy to deduce
properties of figures (eg folding around lines of. symme-
Iry, rotating, etc) .

(2) Lo present motion geometry (ransformations) as an
alternative mathematical approach to that of traditional
Euclidean geometry.

The purpose of this article is, however, to illustrate how the

introduction of transformations in the jumior-secondary

phase can also provide us with a useful ajd to treating cer-
tain traditional topicg in the higher standards in alternative

(and sometimes easier and more elegant) ways, A short

summary of transformation geometry from an advanced

viewpoint is now given:

* isometric transformations (rigid motions)-transformations

of plane figures so that distances und angles are preserved
{cangruency). An example of the three basic isomeuies,

Fig5

It may even be possible that some of our own pupils
could make original contributions to the study of tessella-
tions similar to those of the housewife Marjorie Rice who in
the seventies discovered four new convex pentagons that
tessellate, although mathematicians had thonght at that
stage that the hist of tesseilating pentagons was complete
(Schattschneider, 1981).

SPECTRUM 31,

namely reflections, translations and rotations are shown in
Fig 6. (A fourth isometry, namely a glide reflection can
be distinguished if we want to define the isometries as a
group)

+ similar transformations — transformations of plane fig-
ures where distance is not necessarily preserved. but only
angles (and ratios of corresponding sides). An example of
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an enlargement is shown in Fig 7

*» affine transformations — transformations of plane figures
with the only restriction that the parallelism of corre-
sponding lines is preserved. A shear prescrves arca as
shown by the first figure in Fig 8, while a stretch as
shown by the second figure, does not

projective ransformations — iransformations of plane
figures where the collinearity of points and the concurren-
¢y of lines arc preserved. An example is shown in Fig 9
topological transformations — transformations of plane
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figures where the ¢losure (or nemt-closure), orientability

and relative position of corresponding points are pre-

served {sce Fig 14).

Note that the above transformations are hierarchically ar-
ranged from the special to the more peneral cases, in other
_wurcls, the isometries arc a subset of the similarities, which
In turn are & subset of the affinities, cte. This approach 1o
reometry is known as Klein's Eriangen-approach and refers
to a lecture by him in 1872 where he deseribed geometry us
the study of those geometric properties which remained
mv;y'iant {unchanged) under the various groups of wransfor-
mations.

 It's important Lo note that transformations arc also func.
tans, since transformations of the plane arc defined as one-
lo-one mappings of paints in the plane onto points i the
plane which also implies the exisience of inverse transfor-
mations, This view of rransformations thus eRcOUrages a
spontancous and natural blending of algebraic concepts with
gEOmGlTlC ONEes,

It's a good exercise to try and derjve the corresponding
analytical equations for the above transformations, Al-
though some¢ are relatively difficult in general form, many
are cxiremely easy and should seriously be considered at
school level. Consequently some cxamples:

Reflection in y-axis
: ‘

Reflection in x-uxis
X ! =X

X =X

yl=y y'=-1

Reflectioniny = x Reflection in y = ¢

x]' =y xbex

Yy ==x y] =2c—-y

Reflectioninx =¢ Translation

w=2e-x xl=x+a

y' =y y'=y+b

Half-turn around origin Rotation 0 arownd arigin (anti-
clockwise)

xiz—x x'=xcosH—y5inB

y =-y y‘:xsin9+_ycose

Enlargement from origin Enlargement from (p: o)

x:zkx xlzk(x—p)+p

v =kx ¥ =kiy-gi+q
Shear in x-direction Stretch in x-direction
X omx+ky x!=kx

yi=y yl=y

Shear in y-direction Stretch in y-direction
xl =X XE =X

yl=y+kx v =ky

Note that an cnlargement with a scale (actor & 5o thar
0=k«

givas a reduction. (What happens when k < (%) In the deri-
vation of the analytic equations for a rotation around the ori-
gin, formulae for sin{A+B) and cos(A+B) are required, and
thercfore by first presenting this problem (and solving it
until these formulae are required for further simplification),
one can provide a meaningful morivating conlext for the
consequent derivation of such formulae.

A topic which is perfectly suitable at school level is the
application of the isometries to the study of border or strip
patterns {in other words, covering a one-dimensional horder
with a repeating pattern of congruent figures). Three diffe-
rent examples of border palterns constructed with the sume
basic figure are shown in Fig 11. The mathematical problem
is to invent a classification systemn for such border patterns.
Although one may intuitively feel that there is an extremely
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large number of possibilities, only seven basic possibilities
exist: a fact long since known by artists, poters and embroj-
ders. Two pottery examples, respectively from San
Tldefonso Pueblo (New Mexico) and [ndia are shown in Fig
t2(a) (Crowe, 1986: 20-21). Two logal examples of the
isometries in rural paintings, headwork and baskcts from
Kitro (1990) are shown in Fig 12(b) and can provide an
excellent opportunity to multi-culturalize our mathematics
education,
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Since pupils can casily explore the classification pro-
blemn by trial and error in a practical manner, they usually
find it interesting and sumulating. However, the more ambi-
tious problem of finding (by trial and error) the total num-
ber of possible ways of covering a plane with tesseliating
ligures using only the isometries, prohably is best [eft for
the more gifted pupils.

The informal study of some of the properties of the iso-
metrics can aiso be very interesting. For example, pupils
may be led to experimentally discover that any (rigid)
motion of a figure in the plane can be obwined by ar most
three consecutive applications of the basic isometries,
namely a translation, a rotation and a reflection. Consider
for cxample the diagrammatic representation in Fig 13:

(i) Suppose we began with AABC and applied any rigid
motion in the plane U to it

(i) Then by means of a translation T we can map T(B)
onto UI{R)

(1) Using a rotation S around U(B) we can map S{C} onto
u(c)

(iv}) Lastly, using a reflection R in the line U(BYJ(C) we
can map R{A) onto U(A).

Other meaningful activities which could be utilized for an

introduation to the construction of perpendicular biscetors is
t ask pupils (o find a way of finding the axes of reflection
or centres of rotation when the initial and end positions of
figures under these isometries are given. For example, find
the axis of reflection for the first transformmation m Fig 14

and the cantre of rotation for the second one.

SPECTRUM 31,

Fig 14
Using transformations to prove geometric results

It would be a great pity if the introduction of transformu-
tions in the junior-secondary phase as an optionzl topic,
does not also lead to a radical re-evaluation of the geometry
content and goals of the senior-secondary syllabus, For
example, the meaningfulness and continued prasence of
long, unelegant and non-inteilve traditional proofs should
be questioned in cases where simpler and more elegant
transformation proofs exist. Consider for example Fig 13
and contrast the following proof using symmerry with the
traditional one based on congruency.

OKTOBER [94)



FRaM

FRCULTY OFEDUCATION

FARx MO,

Fig 15

To prove:
The perpendicular biscetors of any AARC are concurrenl.

Construciion:
Draw DE and FG the rcspective perpendicular bisectors of
AB and DC {0 interscet in O as shown,

Proof:

We now want to prove that O lies on the perpandicular
hiseetor of BC. DE is, however, an axis of symmetry of AR,
therefore there exists a reflection around DE so that A and
B coincide. According to the definition of & reflection DE is
therefore the locus of all the points equidistant from A and
B. FG is similarly the locus of all the points cquidistant
from A and C, and therefore the point of inlersection of DE
and FG must be equidistant from B and €, In other words,
O lies on Lhe axis of symmetry of BC, or rather its perpen-
dicular biscctor, QED

A similar proof can also be given for the concurrency of the
angle bisectors of a triangle, Besides being shorter and less
clumsy than the rraditional proofs, these two proofs scem to
betier satisfy pupils' needs for explanation and verification
{De Villiers, 1988&; 1990),

Even though alternative proofs with transformations are
not always casicr or more explanatory, they could neverthe-
less broaden pupils’ perspectives and provide them with
greater insight. Scveral of the cirele theorems provide a wse-
ful context for the application of transformation geometry.
For example, if we start with the configuration shown in Fig
16, it should he intuitively clear that any pair of parallel
chords in a circle are symmetrical with respeet to the per-
pendicular biscctor of those chords (the diameter). and that
lhe arcs cut off from the circumference of the circle hy
these chords, are cquel.

Fig 16

Suppose we now considered two lines PA and PB which
form APB on the circumference as shown in Fig 17(a), and
we now translate the whole confliguration so that P shifis o
Q on the circumference. Call the points where PA and PB
respectively cut the eirele C and D. Then according to the
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praperiics of a trunslation, QCIPA and QODIEPE and there.
fore according to the prapenty in Fig 16, ares DB, QP and
CA arc all equal. A rotation around the centre of the circie
does aot affect the circle, and if we choose the angle of
rotition for the new confliguration so that C—sA. then D—sB
and QR (Fig 17(1)), It therclore follows that ARE = APR
on the same chord AR,

A very attractive aspect of the ahave approach is that the
same method can be used for other related circle theorems
by approprizsiely choosing u position far (. Fig 1§ for
example shows this approach applied to the alternate Sean
ment theorem. The theorem that the exterior angle of a
cyclic guadrilateral is equal to the opposite interior anile,
can also be proved in a similar fashion (Bailey et al, 1974,
102},

Q)

Fig 18

Wynne Wilson (1977: 63) gives another excellent
example of the use of transformations in proving the weil-
known theorem of Pryhagoras as shown in Fig 19 (in the
classic peacock’ or 'windmill'-configuration of Buelid's ori-
ginal proof). The proof comprises the division of the square
on the hypolenuse into two rectangles as shown. Then it is
shown that the area of the smaller rectangle is equal o the
area of the square on the shorter rectangular side by simply
using a sheusr, a rotation and another shear, The shear-
transformation is of course gencrally very useful in any
proofs involving the areas of figures, as well as the deduc-
tion of the area-formulac for varipus geometric figures. It is
therefore unfortunate that simple examples of the shear-
transformation have not been included in the new syllabos
Tor 1992/3.

Another informative proof technique which could also
he sonsidered is the utilization of the affine cquivalenee
hetween certain geomeltric configurations in order to prove
& general stalement by the consideration of a particular case
(eg consult Shigalis, 1989), Just as two figures arc con-
gruent or similar if an isometry or a similarity exists that
maps the onc enio ether, two figures are affinely equivalent
if an affine transformation exists that maps 1the one onio the
other. Despite the preservation of paratlelism of lines, the
alfinitics also preserve the incidence of points and Hoes,
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collincarity of points, concurrency of lines and most impor-
tant the ratio In which a point divides a ling segment. For
example, the first two figures in Fig 20 are affinely equiva-
lent and involve the theoremn which states that the segment
Jjoining the midpoints of two sides of a triangle is paralle] to
the third side and half as long. Since this theorem invelves
affine relationships and these two figures are affincly equi-
valent, the gencral case can be proved simply by showing it
is true in the special case on the vight (¢ by using analytical
geometry). Similarly, in the second set of affinely equiva-
lent figures the special tuse on the right can be used 10
prove the theorem that the medians of a triangle are concur-
rent in a point two-thirds of the way from cach vertex to the
midpeint of the opposite side,

Ta
10h)

—+

te, 00 "X

X

Fig 20

lIsing transformations in the formal definitions of

geometric figures '

The utilization of transformation concepts in the formula-

tion of the definitions of some geometric figures, often

results in simplifying the deductive derivations of the other

properties from the comesponding definitions. For example,

consider the following two definitions for a parallelogram

and a kite respectively (see Fig 21):

+ A parallelogram is any quadrilateral with a hajf-turn sym-
metry {or is point symmetric) at the intersection of its
diagonals (or midpoint of one of ite diagonals)
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+ A kite is any quadrilateral with at lcast one diagonal sym-
metry {a line symmetry along a diagonal),

From the above definition of a parallelogram it immediarely
follows that AABC = ACDA (otherwise a half-turn symme-
try would not have existed) and it therefore follows that AB
= CD and DA = BC, as well as that ABICD and DAIBC
(BAC = DCA and DAC = BCA), From the congruency we
can also directly deduce that the opposite angles of a paral-
lelogram are equal. Similarly, from the above definjtion of
kite and the properties of a reflection around AC it imme-
diately follows that BD JAC, AB=AD, CB=CDand B =
B2

In my opinion, strong consideration should therefore he
given to alternative definitions in terms of transformations
if they give rise to axiomatie-deductive structures that are
morg eConomis,

Transformations and graphs

Another usetul application of transformations can be found
in the study of graphs and their corresponding equations. It
has often been my experience that this section is greatly
neglected when doing a2 module on stap functions. For
exarnple, asking students to plot the graphs of y = ~INT (1,
y = INT {—x) and y = —-INT (=x) directly after the treatment
of y = INT(x) they usually draw up new tables for o large
number of values of x, instead of simply drawing thase
Zraphs by considering the reflections of the standard graph
in the x- and y-axes.

Ome of the basic questions that pupils may investigate is
what happens to the equations of different graphs (cg linear,
parabolic, cubic, hyperbolic, trigonometric, ate) under cer-
tain transformations, Note that here is meant transforma-
tions of the graph wtself, and not that of the Cartesian axes.

With the increasing availability of graphies caleulators
or sophisticated graphing programs on micro-computer,
pupils may easily do such investigations visually and for-
mulate genaral rules from that. Some examples of what hap-
pens to the parabola y = x(x ~ 4) and its equation under cer-
tain transformations is given in Fig 22.

Al straight lines are congruent to cach other {i e can be
mapped exactly on to each other by combining the isome-
tries). It is also relatively easy to show that linearity is
invartant under the affinities. Although it may seem contra-
intuitive at first sight. it can also be shown that all parabolas
are similar to each other (1 & can be mapped exactly onto
each other by some combination ntf the isometries and simi-
larities). For example, in the fourth figure showing a streich
of k = 2 in the y-direction, the transformed parabola can be
mapped exactly onto the original one by translating 1t
upwards by 4 units and then enlarging it with k = 2 from the
point (2: —4). A proof of the general result can be found in
De Villiers (1990). Another interesting and beautiful result
is that all cubic polynomiais can be shown to be point sym-
metrical (eg consult De Villiers, 1989), as wall as affinely
eguivalent to each other by some combination of the 1some-
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Enlargement from opigin
y =k I(x/k)

Streteh in y-direciion
y =k fix)

Shear in y-direction
y=f(x)+kx
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Enlargement from (p; q)
Y=k 0+ plk - DR - gtk

Stretch in x-direction
y = [(x/k)

Shear in y-direction
y=Ix—ky)

-1

The equivalence hetween a single transformation and
combinations of other transformations should also be dis
cussed at some point in time, perhaps intuirively at first and
later followed up with analytic proofs, For instance, a half-
lunn can be considersd as the combnation ol 1wo reflec-
tions, one around the y-axis and one around the x-axis.
Similarly, an enlargement from the origin can be considerad
as the combination of two stretches in the x- and y-diree-
tions respectively. Of course, the same approach should
apply 1o the special meaning of a reflection around y = x
with respect o inverse functions.

~ The symmetrics of graphs should also generally be
given more attention as they not only deal with assthetic
aspects, but can provide pupils with ample opportunity for
making their own discoverias A symmetry (linc w— or point
symmelry) of a figure 5 can be defined as » rigid motion ;
go that for all x € §, fix) & 5, Presently symmetry is pre-
scribed in 5td 2 and in Murray (1988) this iopic is informal-
ly treated as a prelude o the later (reatment of tesseliations
and transformations, For example, y = fx) is symmetric
around the x-axis if ¥ ﬁf(_l’) — Y= —ﬂ_r)‘ around the _y-axis if
y=flx) & y=f—x)and around y = x if y = flx) = x = fly).
A figure is point symmetric around a certain poiat O if Tor
every point P on the graph there exists a corresponding
point {} also on the graph under reflection in O (see the first
figure in Fig 23). Or viewed differently, if every point P on
the graph ¢an be mapped on Lo 2 point Q also on the graph
by means of 2 halfturn arcund ©. It therefore follows that a
graph of y = {(x) is point symmetric with respect to the ori-
gin if y = flx) & y = —=f—x). Some examples of functions
point symmetric around the origin are given in Fig 23. A
fruitful and not very difficult further exploration could also
be to examine the line and point symmetries of graphs in
general, leading to the discovery of the beautiful duality
T hetween the symmatric praperties of a function and those of

1ts derivative or integral (De Villiers, in press (b)).

T yexixed)

reficction i
yeuxis

halfturn
around origin

y-=x(x+4)

yexiz—4})
yrIx{xa-4)

Strefch ko= 2
In yudlirection

-1
y-zx(x—u)

enlarpement
k = 2 from origip

PR

y=x"_.x
Fig 22
’ e
. T o . I B!
tries, similarities and affinities). A proof of this result can .
be found in De Villiers (in press (2)). e 1
After investigating & large number of particular cases ‘ v

>
Ca

and inductively gencralizing to what happens to the general
equatton y = f(x), it is appropriate that such general formu-
lac are also derived from first principles using the afore-
mentioned analytic equations. For example, from the gencr-
al translation equations we simply solve for x and y in terms
of x! and y' to obtain x = x' —z and y = y' - b and then sub-
stitute them into v = f(x) to obtain the transformed equation
y' = f{x! — a) + b, Other examples of general formulas for
y = f(x) are (dropping the primes):

Fig 23

Using transformations in the derivation of
formulae/identities

Suppase we considered a parabola of the general form y =
ax? and consider its translation as shown in Fig 24. This
tranglation involves the following transformations:

Reflection in x-axis
y=-ftx)

Reflection in y-axis
y =fl-x)

HaHtern around origin
y = —f(-=z)

Reflectioniny = x
x =y}
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Fig 24
y=alx—mP+k {m=0; k<)

=axt - 2max +am? + k

Fron_1 the graph it is immediately clear that the minimum (or
maximum) can be found at x = m and vy = &, If we now com-
pare the above quadratic equation with the standard form
y=as + bx + ¢, it follows that;

1 b= —2ma @ m=-blla w Xgim = ~b/2a
2e=amt kS k=c—aml S k=c - ab¥4a’ S Vo
=-A/da

The advantage of this approach is that it can be done direct-
ly without 'completion of the square’. Note that this deriva-
tion is valid in general since a translation to any of the four
quadranis can be considered. For example, a transiation to
the 2nd quadrant can bL considered as the following trans-
formation:y=alx—my +k  (m<Oik=0).
Trigonometry is also a topic which lends itself nicely to
the derivation of a varicty of identities simply by consider-
ing appropriate transformations of the standard graphs.
Consider for example the sine and cosine-graphs shown in
Fig 23, Firstly, ¥ = sin x is nol symmetric around the y-axis,
therefore sin x # sin (—x), but y = ¢os .t is, therefore cos x =
cos (-x). A translation of y = sin x by 180° to the right and a
reflection in the y-axis gives the same graph, thereforc
sin[-(x — 180°)] = sin x or rather sin(180° - x) = sin x. A
transtation of y = cos x by 180° to the right gives a graph
which is still symmetric wirth respeet ro the y-axis and
which can be mapped onto the original graph by a reflection
in the x-axis, therefore —cos(x — 180 ) = —cos (180°F - ) =
cos x or rather cos{I80° — x) = —cos x. Similarly we can
derive the dentity sin(180° + x} = -sin x by ranslating y =
sin & o the left by 180 and reflecting it in the x-axis to
abtain the original graph, We also have sin{180° + x) = sin(x
- THO?), since the same grapl s oblainsd when using these
twa different transformations. A translation of v = sin x by
907 to the left gives a cosine-graph, therefore sin(90° + x) =
cos x. Similarly a translation of v = cos x to the right gives a
sinc -graph, therefore cos{x — 90%) = sin x. But since cos
x = cos(—=x) 1t follows that cos(90° — x) = sin x. Further
EXperimentation with different transformations and other
graphs in order to derive other familiar identities, 15 now
left 1o the reader. :
The stretch transformation is also frequently used in
trigonometric equations. For example the transformation of
¥ =sin x to ¥ = 25in x represents a streteh of £ = 2 in the y-
direction (therefore the amplitude is doubled). Similarly we
have that the transformation of ¥ = sin 2 t0 ¥y = sin(&/3) re-
presents a stretch of £ = 3 In the x« dircction (therefors the
period Increases threefold). Although this type of work in
trizonometry has enjoyed a reasonable amount of attention
in the past, it is unfortunate that it bas not been specifically
tinked with the ideas and terminology of transformations.

Conclusion
This article has hopetully succeeded in itz attempis to show
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that trapsformations and related concepts can fruitfully he
applied in many deverse arcas of school mathematics. ie
that it could be seen as a golden thread. It would therefore
be unfortunate if the study of transformations is abruptly
stopped in Std 7 without properly utilizing their applicabili-
ty in the rest of the syliabus, Although it may seem an
atractive idea to completely replace traditional Euclidean
geometry by transformation geometry (as in fact done in
Great Britain in the School Mathematics Project and the
Scoutish Mathematics Group in the late 1960s and early
1970s), I am not in favour of such a radical change, but
rather that the maditional curriculum should be broadened
and enriched by it. Finally, transformation geometry could
also provide a rmcaningful context for the elementary intro-
duction of matrices at school level.
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